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Abstract 

In this work we use variational methods to show the existence of weak solu- 
tions for a nonlinear problem of the type elliptic. This problem was initially 
study by the authors Ahmad, Lazer and Paul (see [ij) considering the space 
Q C M" a bounded domains. In this work we extend your result now consid- 
ering the domain M". Indeed, the main theorems in this paper constitute an 
extension to of your previous results in bounded domains. 
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Introduction 

In this work we obtain a result of existence of weak solution for the 
problem 

-Au + u = \kh{x)u + g{x,u), on R", n > 3 , , 

u e R\W') 

where h : R" R+, g : R" x R ^ R, are continuous functions satisfying the 
following conditions: 
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(i) h e L^(M") nL~(R"); 

(ii) There is a function Z G L^(R")nL°°(R'') such that Z{x) > 0, Va; G M", 
and 

|c/(x,t)| < V G X M. (2) 

Furthermore, is the k-th eigenvalue associated with the problem 

-Au + u = Xh{x)u, on R", n > 3 , . 

MGHi(R^) ^"^^ 

characterizing the problem ([1]) as a problem of resonance (see Definition 1.2 
pg. 2 of [4]). 

Furthermore, we assume that g satisfies one of the conditions ((^J) or 
fe), this is, 

/ G{x,v{x))dx — > ±oo, (4) 

JrN IMHoo 

where v G Nx^ the eigenspace associated with the eigenvalue and 

G{x, ■)= j g{x,r)dT 
Jo 

is the primitive of the function g{x, ■). 

We find a weak solution for the problem ([1]) determining critical points 
of the energy functional associated $ : H^(R"') — R defined by 



^u) = - [ {\Au\^+\u\^)dx- — [ u^hdx- [ 

2 Jr" 2 J^n J^r 



G{x, u) dx. 



In this work we generalized the result from Lazer-Ahmad-Paul in 
For this was necessary some theories results once again that the domain 
considered here is no bounded. In a space no bounded no exists immersion 
compact of the Soboleve space H^(R") in We contorted this working 

in spaces with weight. 

Problems at resonance have been of interest to researchers ever since the 
pioneering work of Landesman and Lazer j3] in 1970 for second order elliptic 
operators in bounded domains. The literature on resonance problems in 
bounded domains is quite vast; of particular interest to this paper are the 
works of Ahmad, Lazer and Paul \1\ in 1976 and of Rabinowitz in 1978, in 
which critical point methods are applied. Recently, using other tecnic, Garza 
and Rumbos do a result that is a extension to R" of the Ahmad, Lazer 
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and Paul result. In this paper, furthermore of resonance they obtain result 
on strong resonance. 

Resonance problems on unbounded domains, and in particular in M", 
have been studied recently by Costa and Tehrani [2] and by Jeanjean P], and 
by Stuart and Zhou [9] for radially symmetric solutions for asymptotically 
linear problems in M". In all these references variational methods were used. 
Hetzer and Landesman [5] for resonant problems for a class of operators 
which includes the Schrodinger operator. The problem of resonance that we 



work can be see in [lOj for bounded domain. 

We write in general the direction of our proposal. In the Section we define 
spaces with weight and show that this space is Banach. In the Section [2] 
we show two important results, a of immersions continuous and the other 
of immersion compact space of the space II^(M") in L^(M", /idx). Finally, 
in the Section [3] we show the main result of this work that guarantees the 
existence of weak solution to the problem ([1]) . 

1. Spaces with weight 

In this section we define spaces with weight and show some properties 
involving these spaces. For this, start with the following: 

Definition 1. Let h : — > (0, +oo) be a measurable function and 1 < 
p < oo. We define the space L^(R^,hdx) the space of all the measurable 
functions / : — > M such that \ f{x)\Ph{x) dx < oo, i.e, 



LP{R^,hdx) := |/ : 



measurable] / \f{x)\'^h{x)dx<oo 



In the that follow we denoted by 



M=([ {\Vu\' + \u\')dx)\nd \\fl,= ( [ Iffhdx^^' 



lp,h 



the norms in H^(M^) and LP(M^,/idx), respectively. 

Theorem 1. The space (L^(M.^ , hdx); \\ ■ \\p,h) with 1 < p < oo is a Ba- 
nach's space. 
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Proof. Let C L^(]R^, hdx) be a Cauchy's sequence. Then, give e > 

there exists uq eN such that 



\\un - Um\\p,h < e, ^ n,m> uq. 
Define Vn = hpUn, it follow from that 

ll^^n - Vm\\LP(RN) < C, V n, m > ^0- 

Since L^(R^) is a Banach space, there exists w G L^(M^) with 



w 



Defining, u{x) 



^^^\ , note that 

h{x)P 



Un — uf hdx 

1 1 

hPUn — hpu 



p \ p 
dx 



which implies. 



\Vn — w]''' dx 



(5) 



(6) 



From ([6]), we have ||m„, — u\\p^h — ^ 0, that is, u„ — 

' n >oo n 

Therefore, L^(R^, hdx) is a Banach's space. 

From Theorem[T]we can conclude that (L^(R^, hdx), 
space with the inner product (/, g)2 = J^n hfgdx. 



u in If {R^, hdx) 



□ 



2^h) is a Hubert's 



2. Auxiliary results 

In this section we show two auxiliary results important for we show that 
the problem ([1]) have weak solution. The first is a result of continuous im- 
mersion and the second a result of compact immersion, both of the space 
H^(M") in ViW^hdx). 
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2.1. A result of continuous immersion 

Theorem 2. If h e (R^), then appl ies continuous immersion 

for all p e [1, 2*] (2* = 2N/(N - 2)) ifN>3. 

Proof For u e H^(M^), we have 

1 1 



hdx \ < ||/i|L „ ( / iMPda; 



oo \W\hP 



Since h e L°°(]R^). Prom Sobolev's continuous immersion, we have 

H^(M^) -^Lf(M^), Vpe [2,2*], 
if > 3. Thus, there exists C > such that 

||M||Lf(MJV) < C \\u\\ , V M e H^(M^). 

Therefore, 

( f \u\Phdx) <C\\h\\^\\u\\, y ueR^R^). 
Considering Ci = (^11/111^, we have 

I / \u\^ hdx 1 < Ci \\u\\ , 



that is, 

showing the continuous immersion. □ 



5 



2.2. A result of Compact immersion 

Lemma 1. Give e > 0, there exists R> such that 

\\Unj — '"||LP(B|j.(0),Mx) ^ 2' ^ 

Proof. Indeed, to i? > and using the Holder inequality with exponents 

i + ^ = 1, we get 

p 

/ hnj^^l ^'^^ ^ \\Hl-'(B%(0)) ■IW'^'rij — u\ \\ ^^^gc ^g-^-j 

JBfj(O) y " LP K 

which implies, 



\u„. — u\ hdx < \\h\\ r^,Dc • M« ■ — U 



IP 



L'y{B%(o)) ■ II ""j "IIl^* 
and from the Sobolev's continuous immersions, we have 



Consequently, 



\Un^ - uf" hdx < C ||/i||i7(B|j(0)) • Ihnj ^ "IT ' 



h \Un^ -u\^dx<Ci ||/i||i7(iJcro)) ■ (7) 



Follows the theory of measure that if h E L'^(R^), V 7 G [1, 00), give e > 
there exists R> such that 

ML-riB^^m < (2) c;- 

Now, from result above and from ([7]), we obtain 

/ h \un^ - dx < (^^ V rij. 
is^(o) 

Therefore, 

II \\LP{B'f^(0),hdx) 2 

which show the lemma. □ 
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Theorem 3. If h e L\R^) f] L°°(M^), has the compact immersion 
ifN>3. 

Proof. Let (m„) C H^(M^) be a bounded sequence, using the fact that 
H"^(M^) is a reflexive space there exists (unj) C such that 

Un^ in H^^™^^ 



Furthermore, 



< 



oo- 



From Sobolev's compact immersions, we have H^(M^) "—^ L^{Bji[0)), of 
where foUows 



n,- >oo 



Thus, give e > there exists such that 



oo 



thus, we have 

\\Un, - M||LP(B«{0),hdx) < 2' ^ - ^JO- 

From Lemma [Hand iQ, we have 

kin - — I, < ^5 V n,- > n,v, 

II \\p,h ' J — jO 

which imphes, 

Un- — ^ M in LP(M^,/idx) 

^ Tlj »00 

showing the compactness. □ 
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3. Main result 

3.1. Preliminaries 

We consider the functional $ : H^(R'^) — »• M such that 

= i /" (|VM|2 + |Mndx-^ / u'^hdx- [ G{x,u)dx. (10) 

This functional is well defined in H^(R^), is of class Ci(H^(R^),M) (see Q) 
and its critical points are weak solutions of ([1]). 

We set the linear operator Lu = u — XkS{u), we have 

(Lm, m)hI(kjv) = / {'V{Lu)'Vu + Lu.u) dx, 

thus, 

{Lu,u)^imN)= / (V(m — AfeS'(M)) Vm dx + / {u — XkS{u))udx, 



this is, 

(LM,M)Hi(i;iV) = / (iVMp + lw^dx-Afc / ( VS'(m) Vm + S'(m)m) d X. (11) 
Moreover, considering S{u) = w, we have 



-Aw + w = hu, 

w G HVR^) 



which implies, 

{V4>Vw + ^w)dx= [ uh^dx, W 4) eR^R^). 



Fixing u 



I {VS{u)Vu + S{u)u)dx= I u^hdx. (12) 



Therefore, from ( fTTI) and (fT2l) . we have 



^(LM,M)Hi(MiV) = ^ / (IVwp + |Mp)dx - ^ /" U^/ldx 

2 ^ JlRiV 2 JlRjV 



from which follows 



*N = ^(-^«>'")h1(m^) - / G{x,u)dx. 



Now, we fix the following orthogonal decomposition of X = H^(I 

X = X_ ® Xo ® X+, 

where 

Xo = iVAfc, X_ = AT;,, © 7Va2 © - © A^Afc.i and X+ = AT;,^^^ © N^^^^ 
Proposition 1. Ifu e Xq, then {Lu,u)-^i^jg^N) — 0. 
Proof. As we have seen that 

{Lu,u)^i^^N^ — / (I Vii|^ + d X — Afe / u^hdx, 

since e Xq, it is solution of the problem 

J -Au + u = Afc/iM, 

of where, we have 
Fixing (f) — u, 

/ (|Viip + l^ndx = Ajk / u'^hdx, 

showing that 
if M e Xq. 

Proposition 2. If u ^ X_, then there exists a > such that 

(L?/,?/)h1(]rjv) < -Q;||ii||^, 
this is, L is negative defined in X_ . 



Proof. Let u e X_ = Nx, ® Nx^ ® ... ® A^a^.i, be, then 

■u = 01 + 02 + ••• + 0fc-i and Vm = V0i + V02 + ... + V0fc_i. 
Note that from 

(Lm, ■u)jji(ig]v-) = / (I Vwp + Iwp) dx — Afe / S{u)'Vu + uS{u)) dx 
thus, 

(LM,M)Hi(MiV) = (M,M)Hl(K^') " ^^(^'(m) , M)Hi(MiV) . (13) 



Provided that 0^ satisfies 

J -A0J- + 0j- = Xjh(f)j, 
\ 0, G Hi(R^) 

From definition of the solution operator 

S{\j(l)j) = (f)j 

therefore, 

1 1 

S'(0j) = — 0j and VS'(0j) = — V0j. 

From hnearity of S, we have 

^(m) = ^(0i) + ^(02) + ■ ■ ■ + ^(0fc_l) 

which imphes, 

= ^01 + -^02 H h -^4>k-l- 

Thus, 

{S{u), u)Hi(RiV) = (5'(0i) + 5'(02) H h 5'(0fc_i), 01 + 02 H h 0fc-l)Hi 

and provided that (0j, 0fc)Hi(R^) = 0; if J 7^ ^) we obtain 



(S'(u),M)Hi(RiV) = 7-(01,0i)h1(R'V) H \- T^(</>fc-l,0A,-l)Hi 

Ai /\fc_i 
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It follows from definition of inner product in H^(]R^) that 

(sH,M)Hi(MiV) = ^ / (iv0ip+i0indx+---+-^ / (iv0fe_ii'+i0fe-indx 

which implies 

Afc(^(M),M)Hi(R^) = V / -^(|V0jf + |0jf )da;, 

this is, 

k-l ^ 

j=l j 

Furthermore, 

(m, m)hI(R'V) = (01 + 02 H h 0fc-l, 01 + 02 H h 0yt-l)H^ 

hence, 

fc-i ^ fc-i 

IIJ, l|2 



(M,M)Hi(MiV) = V / (|V0jf + |0jf )dx = V 
j=l ■^K'^ ,=1 

Now, we can to writer (IT^ of the follows way 



I 



and using the fact that 

A, <Afe_i, Vje {1,2,..,A;-1} 

which implies. 

At Ai. 
1 — > 1 ^ 

Afc-i Aj 

thus, 

fc-i 



(LM,'u)Hi(MiV) < 

7=1 ^ 



Afc-1 



j=i 
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Therefore, 



(LM,M)Hi(KiV) < - ( - 1 ) 



from where we have 
this is, 

(Lu, u)Hi(MiV) < — Q;||n||^ < 0, V m G X_ \ {0} 
and a > 0. □ 

Proposition 3. If u G t/ien t/iere exists a > such that (Lm, M)jji(]i|iv) > 
all'up, this is, L is positive defined in X+. 

Proof. Suppose that u e X+ = A''Afc+i © ^Afe+a ® Then u = (f)k+i + (f)k+2 + 

... We consider, u = Y.'jLk+i = liniAr^oo wn, where wn = Y,j'=k+i ^i-^ '^n e 
X+. We show that there exists a > independent of such that 

{Lwn-, WN)n^{M.N) > a\\wN\\'^, y N e {k + 1, k + 2, . . .}. 

Indeed, note that 



(N ^ \ 

j=k+i j=k+i ) 



which imphes. 



N N 



\j=k+l j=k+l / jjj 



consequently, 

/ N N \ / N N 

{Lwn,wn)h\r'^) = Yl '^J' Y ^\ Y ^kSi(pj), Y 



,j=k+l j=k+l / Hi(RJV) \j=k+l j=k+l / jjj 



Now, using the same reasoning from Proposition [21 we have 

AT TV 

A, 



j=k+l j=k+l ^ 
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and noting that > A^+i we find 



Aj Afc+i 
Therefore, 



\ fc+1 / •_7 ,-1 



j=k+l 

Thus, 



'^k \ II ||2 



showing that 

(Lwat, wn)-r1(rn) > a\\wN\\'^, y N e {k + l,k + 2,...}, (14) 
where a = (1 — ] . Using the fact that wn — u, we obtain 

II II 2 II II 2 

\\wn\\ — ^ \\u\\ 

N^oo 

and from continuity of L, we obtain L{wn) — ^ L{u). Consequently, 

{LWN,WN)-R^m) ^^^^ {Lu,u)y[1(uN) 

thus, passing to the hmit at (fT4|) follows that {Lu,u)iiimN\ > □ 



Notation 1. In the that follows, we denoted by P-,Po and P+ the orthogo- 
nais projections on X_,Xo and Xj^, respectively. 

Lemma 2. Ifu = Pqu+P^u G Xo©X+, then (L-u, 'u)jji(igjv) = (LP+m, P+'u)jji 
Proof. Suppose that {Lu,u)yi^(^n-^ = {L{Pqu + P+u), PoU + P+u)^i^^Ny Then 

(Lu, u)Hi(KiV) = (ivPoM + LP+M, PqU + P+M)Hi(KiV). 

Using the Proposition [1] and the fact that L is symmetric operator, we obtain 

(LM,M)Hi(RiV) = 2{LPoU, P+U)^U^N) + (LP+m,P+m)hi 



13 



Note that (LPqW, -P+'u)h1(rjv) = {PqU — \kS{Pou), P+u)y[1(^n^ hence, 

(LPqU, P+u)^^^Nj = \kiS{PoU),P+u)ji^^Ny 

Therefore, by the definition of operator solution, we obtain 

(LPoM,^+m)h1{R^) = {PoU,P+u)L^M.N^hdx) = 0, 

where the last equality we use the orthogonality of the projections. Thus, 

{Lu,u)jii,^N) = {LP+U,P+u)^i^^Ny □ 



Proposition 4. Suppose valid the conditions ^ and ) ■ Then 

(a) $(n) — > -oo, ueX^. 

||ti||^+oo 

(b) — > +00, ueXo®X+. 

Proof, (a) Suppose that u G X_. Using the fact that L is defined negative 
in X_, we obtain 



^(u) < — Q;||n|p — / G{x,u)dx. 
2 Jrn 



Note that for the mean value Theorem, we have \G{x,u)—G{x,0)\ = \G' {x, s)\\u\ 
s{x) G [0,m(x)] or s{x) G ['u(x),0], thus from ([2]) 

\G{x,u) -G{x,0)\ < Z{x)\u\ 

therefore, — f^^f G{x,u) dx < ||'u||i,z7 of where we have that 

^{u) < — -all-up + ||m||i,z- 

From Theorem [3] follows that 11^112,^ ^ C*i||m||, then 

^{u) < -^q;||m|P + C2||m|| 



consequently, — > —00, u G X_. 
IImII^+oo 

(6) Suppose that u = Pqu + P+u G Xo©X+. Using the Lemma[2]has been 
= |(LP+n, P+u)jji(i[jjv) — Jjgjv G{x,u) dx. Furthermore, since L defined 
positive in X+ follows that 

Hu)>-a\\P+uf- [ [G{x,u)-G{x,Pou)]dx- [ G{x,Pou)dx. 

2 Jrn J^n 
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Using again the mean value Theorem and ([2]), we have 



[G{x,u) — G{x, Pou)]dx < / \G{x,u) — G{x, Pou)\dx 



< 



\u — Pou\Z{x) dx 



which imphes, 



/ [G{x,u) ~ G{x, Pqu) dx < \\P+u\\i^z- 



Therefore, follows from the continuous immersion (see Theorem [2]) that 



Hu) > -a\\P+uf - C\\P+u\ 



G{x, Pqu) dx. 



(15) 



Now, using the condition ), the fact that = HP+wp + ||Po'i^P and 
analyzing the cases: 

(i) ||-Pow|| — > +0C and ||-P+m|| < M. Using {g2) and doing the analysis in 
ffTSl). we have ^(u) — > +oo. 



11 -^ + oo 



[n) ||-P+m|| +00 e ll-Po""!! < K. Note that 



G{x, Pqu) dx 



< ! \G{x,PQu)\dx 



< 



\Pou\Z{x) dx, 



that is, 



G{x, Pou)dx 



Thus, doing the analysis in f[T^ . we have $(n) — > +oo. 

|«||^+oo 

{in) If ||-P+u|| —>■ +00 and ||-Po^|| ~^ +oo. Again the condition 



doing the analysis in f|T5| follows that $(n) 



+ 00, 



and 



□ 



which shows (6). 

Remark 1. If we had assumed the condition (gfj) to (qq^) instead of the 
reasoning used was the same and the conclusions were the following: 

(a) $(u) — y -oo, u e Xq® X^. 

\\u\\^+oo 

(6) $(n) — y +00, u e X+. 

\\u\\^ + OD 
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3.2. Weak solution to the problem (J\) 

We are ready to state and prove the main result of our work. This result 
guarantees the existence of a critical point to the functional $, and therefore 
the existence of a weak solution to the problem ([T]). 

For we show the existence of weak solution for the problem ([T]) we use 
the theorem from the saddle of Rabionowitz. 

Theorem 4 (Saddle Point Theorem Let X = V ® W be a Banach' 
space, of way that dim V < oo, and let cj) G C"'^(X, M) be a maps satisfying 
the condition of Palais-Smale. If D is a bounded neighborhood of the in V 



Theorem 5. // the conditions or ((72 ) o^^e true, then (J\) has a weak 
solution, i.e., there exists u E H^(R^) such that u is a weak solution of 

Proof. As we already know that $ G C^{X, M), We show that $ satisfies the 
Palais-Smale condition (PS), i.e, give the sequence C H^(M^) with 



we have that has been a subsequence convergent. Indeed, since 




(16) 



T = {heC {D,X) \h{u) = u, V M G dD] . 



^iun)\ < c and $'(«„) 




then 




which implies, 




(17) 
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Furthermore, 



where we have 



< 



$ (Ur 



< \\v\\ , V i; G H 



for n large enough, since 

$'(Mn) -^0 

thus, < 1. Now, our next step is to show that 

Un = PoUn + P-Un + P+Un 

is bounded. Note that 
(i) If f = P+Un, replacing in flTTl) follows that 

[^'{Un))P+Un = {LUn,P+Un)- / g{x , Un) P+Un d X 

Note that using the same reasoning from Lemma [2], 

{LUn, P+Un) = {L{P^Un) + L{PoUn) + L(P+M„), P+M„) 
= {L{P+Un),P+Un). 

Hence, using the fact that L is defined positive in X+, we have that 

{LUn,P+Un) = {L{P+Un),P+Un) 



;i8) 



> a\\P+Ur 



Furthermore, 

ll-P+Mnll > 



<^\un)P+Un 



> \{LUn,P+Un) 



g{x,Un)P+Undx 



which implies, 

\\P+Un\\ > a\\P+Unf - \\P+Un\\l,Z- 

From Theorem [21 we have that 

||P+M„|| > a||P+M„||^ - C\\P+Un\\, 

thus ||P+n„|| is bounded. 



17 



(a) Again, considering v = P-Un in [TTl we obtain 

($'(m„))(P_m„) < (Lm„,P_m„) + / \g{x,Un)\\P+Un\dx, 
from which follow that 

($'K))(^-«n) < -a\\P-Unf + \\P-Unh,Z 

thus, 

< -a||P_M„,f + Ci||P_M„|| 

consequently, 

||P-^n|| > a||P-Mri||^ — C'l||P-Mn||- 

Thus, ||P_Mn|| is bounded. 
Now, from (i) and (ii) has been 

\\un - PquJ = \\P+Un + P-uJ <K, K E R+. 
For another side, we can write 

- / [G{x,Un) - G{x,PoUn)dx - / G{x,PoUn)dx 

we have that, 

/ G{x,PoUn)dx = hL{Un- PoUn),Un- PoUn) - ^{Un) - 

Jrn I 

\G{X, Un) - G{X, PoUn)] d X. 



Now, since L = I — XkS, we have that L is bounded, thus 



\{L{Un - PoUn),Un - PoUn)\ < || L(m„ - PqU^) || || U„ - PqU 

< ||L||||n„-PoU 



n I 

2 

nil ; 
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and from (fT^ . we obtain 

\{L{Un - PoUn),Un - Po^n) I <C,CE 

Note that 



G{x, PoUn) dx 



< ^\{L{Un- PoUn),Un- PoUn)\ + \^{Un) 



[G{X, Un) - G{X, PoUn)] dx 



therefore, 



G{x^ PoUn)dx 



Hence, using the condition ((^2 ) we can conclude that ||PoWn|| is bounded. 
Note that the orthogonahty of the projection, we have that 



WPqUt^ 



P+ WP^Unf + \\P+Unf, 



showing that is bounded. We know that 

{^'{u))v = / {VuVv + uv)dx- iij'iu))v, y u,v e H^(M^) 



where 



thus 



I ( -^u^h + G{x,u)\ dx, 



(V($(u)),w)Hi(RiV) = (m,w)h1(R^) - (V(^(M)),t;)Hi(RiV). 

Therefore, 

(V($(M)),t;)Hi(RiV) = {U- V(^(M)),f)Hi(R^) 

and consequently, V($(m)) = u — V('?/'(m))- Considering T{u) = 
we have that 

V($(m)) =u-T{u). 

Therefore, 

V($(m„)) =Un- T{Un) 

which implies, 

= v($K)) + TK). 



v(^H), 
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Now, since T : H^(R^) H^(M^) compact (see Appendix C of (s)), there 
exists (m„.) C such that 



u 



and using the fact that 



$ [Un) 



^ 



^ ^ l|V0K)|| ^ ^ v<i>K) ^ 0, 



passing to the hmit in = V($ («„ ,)) + T(-u„ ,) we find 



Ur. 



u 



showing that $ satisfies the conditions (PS). 

Finally, we have that $ G C^(H^(M^), R), and $ satisfies the condition 
of Palais-Smale and using the Proposition H] we can apply the Theorem from 
the saddle of Rabionowitz with V = X_ and W = Xq Q) X+ and ensure the 
existence of a critical point for $, therefore, a weak solution for the problem 

m- □ 
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